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ABSTRACT
Environmental research data usually present high variability
because of the presence of outlier values. This study sought to
apply the interval bootstrap method, as compared to Chebyshev’s
Theorem, for the statistical assessment of environmental data with
anomalous values. The results obtained showed that: (a) the boot-
strap method is an excellent alternative in the assessment of
environmental data with outliers; (b) the method percentile boot-
strap (Boot-perc-s) presented the lower interval amplitude to the
concentrations of 226Ra, and (c) Chebyshev’s Theorem presented
the highest interval amplitude for the concentration of 226Ra.
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Introduction

Environmental scientists often encounter statistical problems related to outliers in
a dataset. In most cases, the concentration of an environmental contaminant varies
from the background level to extremely high values [1]. The researcher then needs to
find a central tendency that better represents the dataset under investigation. Other
important factors include economic conditions and environmental restrictions imposed
by nature. These can generate small sample sizes, and statistical fluctuations tend to be
high, which makes it difficult to find an appropriate central tendency to represent the
obtained dataset.

The understanding of outlier values is very important in environmental monitoring
for two major reasons: (i) they can negatively skew the results of the analysis and (ii)
outliers can indicate high levels of environmental contamination [2]. Outlier values can
occur in any distribution and usually indicate that the distribution of the component
has a large variation or a measurement error. The most common treatment for outliers
is the manual deletion of these from the sample set or the use of robust statistics to
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eliminate failures that may be caused by sample or population analysis. Nevertheless,
outliers provoke thought [2].

The classic arithmetic mean is very sensitive to statistical fluctuation, and its use is
inadequate for either the statistical assessment of only a few samples or the assessment
of a dataset with anomalous values [3]. As the median is not influenced by anomalous
values, this central tendency is the most commonly used by environmental scientists to
represent the dataset with discrepant values [4,5].

Medians can discriminate the extreme values, and their value is always lower than
the arithmetic mean in distributions skewed to the right [6]. This renders the median
inadequate to represent datasets from environmental studies with anomalous values
efficiently. Lognormal distribution uses the normalisation of logarithms to obtain
a symmetric distribution, thus rendering it more adequate in the verification of right
asymmetry, which generally occurs during the statistical analysis of data collected in
environmental studies [1].

When data do not present a normal distribution, Chebychev’s Theorem is a good alter-
native in order to determine the confidence interval [7]. When the sample size is small (n <
30), and the expected distribution does not follow the normal pattern, neither this distribution
nor the Student’s t distribution can be used to construct a confidence interval. In this case,
a general theorem, developed by the Russian mathematician Chebychev, can be very useful.
This theorem, known in statistics as Chebyshev’s inequality, is rarely used to construct
confidence intervals for means, although it is the only appropriate method when there are
a decidedly non-normal population and a small sample set (n < 30) [7].

The Bootstrap method has been used efficiently in environmental monitoring, seek-
ing to attenuate the effects of the anomalous values in the dataset [8]. The term
bootstrap stems from the phrase ‘to pull oneself up by one’s bootstraps’, from the book
Adventures of Baron Munchausen by Rodolph Erich Raspe, XVII century: The Baron
had fallen to the bottom of a deep lake. Just when it looked like all was lost, he thought of
picking himself up by his own bootstraps [9]. This ludicrous, incredible image makes
a practical point. The statistical sense is that, in difficult situations, the most varied
possible solutions, extracted from the original data, must be attempted. In Statistics,
difficult situations can be seen as the problems from complex analytical solutions [10].
The varied possible solutions could include the uses of a methodology with a large
number of calculations, with the objective of extrapolating the results from a small
number of data. With the systemised use of computational tools, the solutions to these
cases can be obtained through the method of bootstrap resampling [10]. This method
was introduced by Efron in 1979 to estimate the confidence interval of parameters in
circumstances in which other techniques are not applicable, in particular, where the
number of samples is reduced. This method was extrapolated to the resolution of many
other problems with complicated solutions by applying traditional statistical techniques,
based on the hypothesis of a higher number of samples [11]. The bootstrap method
tries to accomplish what it would be desirable to do in practice, if it were possible to
repeat the experiment. In this case, the bootstrap samples are repeatedly chosen
randomly, and the estimates are recalculated. The bootstrap method treats the experi-
mental sample as if it represented the entire population [11].

In fact, the bootstrap method is both an alternative to the inferential process and
a very useful diagnostic tool to evaluate an estimator and its statistical properties.
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Several different bootstrap schemes have been proposed, many of which perform well in
a wide variety of situations. This method can be implemented in both non-parametric
and parametric statistics, delving more deeply only into the knowledge of the problem
[10]. In the non-parametric case, the data are re-sampled with replacement, according
to an estimated empirical distribution, because, in general, the distribution underlying
the data is unknown. In the parametric case, when there is sufficient information about
the distribution of the data, the bootstrap sample is formed by performing the sampling
directly in this distribution with the unknown parameters replaced by parametric
estimates [10]. Within this context, the objective of the present study was to use the
bootstrap interval method, as compared to Chebyshev’s Theorem, in the statistical
analysis of environmental data with anomalous values.

Materials and methods

Sampling

The data used in the present study were obtained from samples of forage plants grown
in an area with a natural radioactive anomaly located in the Agreste region of the state
of Pernambuco. The fodder plants grown in this region are used to feed dairy cows, in
this case, samples of Buffel grass (Cenchrus ciliaris L.) and Napier grass (Pennisetum
purpureum). In the Agreste region of Pernambuco, the concentrations of 226Ra in the
soil are high, varying from 41 to 875 Bq kg−1 [12]. This element presents a high
mobility in the soil and is easily taken up by the plants [8]. The method of simultaneous
determination [13] was used to determine the concentration of 226Ra in fodder plants.

Chebychev’s Theorem

According to Kazmier [7], Chebychev’s Theorem is presented in the following manner:
the proportion of measurements in a dataset situated within k standard deviations of
the mean is no smaller than 1� 1

k2
; where k � 1. Applying the sampling distribution of

an average, the probability of the average situated inside k units of a standard error
from the population’s average was calculated using Equation 1 [7].

Pð�X � μ= � k σ �XÞ � 1� 1

k2
(1)

Equation 1 is generally referred to as Chebyshev’s inequality. This equation is based
on the hypothesis that σ �X is known. If the σ is unknown the S�X can be used in its place,
but with some risks owing to the fluctuation of the values in a small dataset [7].
Chebyshev’s inequality in the interval estimation, the 1� 1

k2
; is equated to the desired

confidence degree and is solved for k, thus constructing the interval using Equation 2 or
Equation 3 [7], as in the case below:

�X � k σ �X (2)

�X � k S�X (3)
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The statistical procedure employed to use Chebyshev’s inequality was the following: the
desired probability was chosen, that is, the probability of �Xbeing situated in the interval
was set in advance. According to Downing and Clark [14], this probability is commonly
set at 95%. Thus, the amplitude of the interval was calculated in order to reach a 95%
chance of the interval containing the true value of �X. In the case of Chebyshev’s
inequality to a 95% confidence interval, the chosen k value was 4.47 [7].

Bootstrap method

The resampling process consists of generating samples from the original sample, in
which randomly withdrawn (with replacement) data are used in the formation of each
bootstrap sample. Hence, all results depend directly on the original sample. The
statistical distribution of interest applied to values of this type of sampling, conditioned
to the observed data, is defined as the bootstrap distribution of these statistics [9].
Operationally, the bootstrap procedure consists of the resampling of the same size, the
repositioning of the original sample data, and the calculation of the statistics of interest
for each resample, named pseudo values [10].

Efron and Tibshirani [9] presented the basic ideas subjacent to the bootstrap
method, in the ambit of statistical inference, as follows. With x ¼ ðx1; x2; � � � ; xnÞ
a random sample obtained from a population of unknown distribution, F, and

Θ
^
x1; x2; � � � ; xnð Þ, an estimator of the parameter ΘðFÞ that, as indicated, depends

naturally on F. Let F
^

be the empirical distribution function associated with the

obtained sample, then for probabilistic mass 1n , the value of F
^

is calculated by
Equation 4 [10].

F
^

nð ÞðxÞ ¼
Pn
i¼1

I xi � xð Þ
� �

n
(4)

Where:

F
^
ðnÞðxÞ – the non-parametric maximum estimator of likelihood of F;

Iðxi � xÞ- indicator of function.
A bootstrap sample x� ¼ ðx�1; x�2; � � � ; x�nÞ is obtained in a random manner, together

with replacement from the original sample x ¼ ðx1; x2; � � � ; xnÞ, also called bootstrap
population. The notation indicates that x� is not a new set of real data x, but rather
a random or resampled version of x. The bootstrap sample is formed by the compila-
tion of the corresponding members of x, where: x�1 ¼ xi1; x�2 ¼ xi2; � � � ; x�n ¼ xin. The
dataset ðx�i1; x�i2; . . . ; x�inÞ represents the i-th sample of size n with a reset of the original
data of set x ¼ ðx1; x2; � � � ; xnÞ [10].

In the bootstrap method, the calculated sample is named xi. At each resampling
procedure of the original set, x ¼ ðx1; x2; � � � ; xnÞcorresponds to estimators, repre-
sented by x1; x2; . . . ; xn. In this case, the bootstrap estimator of the population mean
is the arithmetic mean,xB, of n estimators xi. Considering this as a resampling method,
one can have, for example: x�1 ¼ x7; x�2 ¼ x10 ; x�3 ¼ x2; � � � ; x�B ¼ x3. Therefore, the
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resampled dataset consists of elements of the original dataset x ¼ ðx1; x2; � � � ; xnÞ,
where some do not appear, others appear once, others appear twice, etc. From the

distribution F
^
ðnÞðxÞ, we obtain B bootstrap samples of the same size n, as shown in the

sequence below [10]:

x�1 ¼ x�11; x
�
12; � � � ; x�1n

� �
x�2 ¼ x�21; x

�
22; � � � ;x�2n

� �
..
.

x�B ¼ x�B1; x
�
B2; � � � ; x�Bn

� �
In this case, the population standard deviation estimator is calculated by Equation 5.

bSB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

n� 1

Xn
i¼1

ðxi � xBÞ2
s

(5)

Specifically, xi, can be replaced by the estimator Θ
^

i, for each resampling procedure. The

mean xB can also be replaced by Θ
^

B, the arithmetic mean of the n bootstrap estimators.

The difference Θ
^

B � Θ
^

i is the bias estimator of Θ
^
. Thus, the standard error estimator of

Θ
^

is calculated by Equation 6. The standard bootstrap error is calculated by Equation 7.

bSB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

B� 1

XB
i¼1

ðΘ^ i � Θ
^

BÞ2
vuut (6)

Where: Θ
^

i ¼
Pn
i¼1

x�i
n e Θ

^
B ¼PB

i¼1

Θi

^

B

SbΘB
¼
bSBffiffiffi
n

p : (7)

Where: n is the original sample size.
The great advantage of the bootstrap method is that it can be applied to virtually any

statistic bΘ, not merely limited to the average bΘ ¼ �X. This is very important, since for some
statistics there are no analytical formulas or, when they exist, they are difficult and
approximate for the estimation of their respective standard errors. Bootstrap resampling
attempts to perform what would be desirable to perform in practice, a repetition of the
experimental procedures. In this case, bootstrap resampling provides a convenient way of

estimating the standard error of Θ
^
: Depending on the estimator Θ

^
; the standard error can

be very difficult to derive and is consequently difficult to estimate. Bootstrap resampling
always produces an estimate of the standard error directly from the data, even when the
mathematical form of the standard error is unknown [10].

The bootstrap algorithm
The bootstrap resampling technique passes through the Monte Carlo algorithm, where
a random number–generating device selected integers i1; i2; � � � ; in, each of which
equals some value between 1 and n with probability 1

n . The formed sample consists
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of the corresponding elements of the original set x ¼ ðx1; x2; � � � ; xnÞ [9]. In practice,
the bootstrap distribution of F by Monte Carlo, with a number of repetitions, B, is
sufficiently large. An indicator of the appropriate size of B, regardless of the computa-
tional cost, is the quality of the convergence of the parameter estimation for the natural

estimated parameterΘ
^

BðB ! 1Þ ! ΘðFÞ, with the construction of the algorithm
being rather simple [10]. Its convergence is guaranteed by the law of Great
Numbers,ðx�1; x�2; � � � ; x�nÞ, which are nothing more than a sample of independent and

identically distributed random variables with conditional distribution of Θ
^

B. Thus,

when B tends to infinity, the sample mean Θ
^

Bcomes closer to Θ [10]. The following
algorithm was constructed by the Monte Carlo method to calculate the arithmetic mean
value and the confidence intervals:

(1) From the experimental sample, the n values with replacement to form bootstrap
samples of the same size as the original sample were randomly selected, using
a random number generator with a probability of 1

n .
(2) The arithmetic mean was recorded for each resampling procedure.
(3) Step (2) was repeated a number B of times, thus obtaining B values of the statistic

in question.
(4) The B-means were obtained to form the distribution F

^
.

(5) The estimator Θ
^

B was determined from the F
^
distribution.

The value of Θ
^

B was used as an arithmetic mean estimator. The simulation procedure
was performed using a program developed in language C++, with a random renumber
generator [15]. Figure 1 illustrates the operation of the program to construct the boot-
strap distribution by the Monte Carlo algorithm. In the present study, bootstrap iterations
were performed according to size and variation in results.

Bootstrap confidence interval

In statistics, the representation through confidence interval shows the amplitude of the
values in relation to the probability of containing a certain unknown population
parameter. If sampling is repeated several times for a given level of significance, the
probability that the confidence interval contains the unknown population parameter
increases significantly. Thus, the bootstrap resampling method is an excellent alterna-
tive in order to construct a confidence interval for a given statistical parameter. In the
present work, the following methods of statistical analysis were used in the construction
of the confidence intervals for the level of significance 100(1-α)%: (1) standard
z bootstrap (Boot-z); (2) Student bootstrap (Boot-t); (3) a bootstrap’s simple percentile
(Boot-perc-s); (4) difference in bootstrap percentile (Boot-perc-d); (5) bootstrap per-
centile with corrected bias (Boot-perc bias-c), and (6) accelerated bias in bootstrap
percentile (Boot-perc bias-ca), as cited by Efron and Tibshirani [9].

The standard-z bootstrap confidence interval, with a significance level of 100 (1-α)%
was estimated using Equation 8, considering that the estimator Θ

^
has a normal

distribution and standard deviation calculated by Equation 6. The Student bootstrap
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confidence interval with significance level 100 (1-α)% was estimated using Equation 9,
considering that the estimator has t-Student distribution. Equation 10 shows how to
estimate the simple percentile bootstrap with significance level 100 (1-α)% for the

estimator Θ
^
: In this case, the percentiles were obtained from the empirical distributionbΘ�

B , denoted by the bF. The confidence interval using the bootstrap difference is
estimated by Equation 11. In this case, the percentiles were obtained from the empirical

distribution Δ�
B , with Δ�

B ¼ bΘ�
B� bΘ�

B .

CIBoot�z bΘ; 100ð1� αÞ%
� �

¼ bΘ� zα=2 SbΘboot
; bΘþ zα=2 SbΘboot

h i
(8)

CIBoot�t bΘ; 100ð1� αÞ%
� �

¼ bΘ� tα=2 SbΘboot
; bΘþ tα=2 SbΘboot

h i
(9)

Figure 1. Schematic of the algorithm built in C ++.
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CIBoot�perc�s bΘ; 100ð1� αÞ%
� �

¼ bF�1
α=2; bF�1

ð1�α=2Þ
h i

¼ bΘ�
ðα=2Þ; bΘ�

ð1�α=2Þ
h i

(10)

CIBoot�perc�d bΘ; 100ð1� αÞ%
� �

¼ LIðxÞ; LSðxÞ½ � ¼ Δ�
ðα=2Þ;Δ

�
ð1�α=2Þ

h i
(11)

In many situations, bias and asymmetry are present in a very pronounced way in the
distribution of values of a given set of data. In this case, the corrected bias of the
percentile bootstrap or the bootstrap percentile accelerated bias percentile method is
used. For the construction of the confidence interval in the corrected bias percentile
bootstrap method, bootstrap samples smaller than the estimator Θ

^
are used, that is, we

find p0 ¼ P bΘ�
B� bΘh i

; b ¼ 1; 2; 3; � � �B. Next, we calculate the bias correction parameter

that is defined by z0 ¼ Φ�1 p0ð Þ, with Φ the default normal cumulative distribution
function. Therefore, we will have B values of z0, and we have used the mean of these
values, denoted by z0. Thus, the significance level value has been set at 100 (1-α)% for
normal distribution. For the lower percentile, we set PBottom ¼ Φ 2z0�zð Þ and for the
upper percentile PHigher ¼ Φ 2z0 þzð Þ. In this case, the confidence interval was esti-
mated using Equation 12. The confidence interval using the accelerated corrected bias
percentile bootstrap method was estimated in a similar manner as the corrected bias
percentile bootstrap method. The values of the lower and upper limits were estimated
using Equations 13 and 14, respectively. It is necessary to make an adjustment using the
acceleration constant ba (Equation 15). To know which of the bootstrap methods is most
appropriate to build the confidence interval, one should use the bias bootstrap estima-

tion, which is defined as the difference between the mean bootstrap samples ( bΘ�
B ) and

the experimental sample estimate (bΘ) (Equation 16).

CIBoot�percbias�c bΘ; 100ð1� αÞ%
� �

¼ bΘ�
PBottom ;

bΘ�
PHigher

h i
(12)

PBottom ¼ Φ bz0 þ bz0 þ zα=2
1� ba bz0 þ zα=2

	 
 !
(13)

PHigher ¼ Φ bz0 þ bz0 þ zð1�α=2Þ
1� ba bz0 þ zð1�α=2Þ

	 
 !
(14)

ba ¼
Pn
i¼1

bΘ�
B � bΘ�

B

� �3
6

Pn
i¼1

bΘ�
B � bΘ�

B

� �2� �� �3
2

(15)

dBiasB ¼ bΘ�
B � bΘ (16)
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Results and discussion

Table 1 presents the absolute values of 226Ra concentration in samples of forage plants
consumed by dairy cows in the Agreste region of the state of Pernambuco [8]. A large
variability of the values for 226Ra can be observed.

The literature presents several studies to explain the great variability in the concen-
trations of 226Ra in plants, including within the same species. Simon and Ibrahim [16]
undertook a review of the transfer of 226Ra in the soil-plant process and demonstrated
that there is high variation in concentration values and that these trends are difficult to
explain. According to these researchers, the high variability, as observed in Table 1, is
owing to a large number of factors affecting the uptake of 226Ra by plants. These
include: (a) release of ions into the soil and transport to plant roots, (b) exchange of
ions on root surfaces, and (c) transport of ions through the root membranes and their
translocation in plant tissues. Based on this work, the authors verified that the absorp-
tion of 226Ra by plants depends largely on soil conditions and the type of plant. The
preferential uptake of 226Ra by roots was also verified in studies carried out in plants
cultivated at sites with high levels of natural radioactivity [17], in soils contaminated
with radioactive salts and uranium mine tailings [18], as well as in natural granitic
occurrence [19] and soils contaminated by phosphogypsum [20]. If the roots of the
plants penetrate directly into a 226Ra soluble enrichment site, the concentrations of this
radionuclide will be higher in this plant than in the other cultivars in a non-enriched
site. Thus, the absorption potential of 226Ra varies considerably from one plant to
another, even within the same species [21]. The concentrations of 226Ra presented in
Table 1 were derived from different subpopulations, which are very common in
typically anomalous regions [1]. According to these authors, the existence of subpopu-
lations is an important factor for the existence of anomalous values in a dataset.

The natural radioactive phenomena, which are analysed by the statistical method, as
well as the statistical data related thereto, are characterised both by their similarity and
by their variability, as can be seen in Table 1. Thus, the calculation of a certain measure
of central tendency is only justified by the variability present in the environment. If the
variation is large, the use of the arithmetic mean, as the most representative value,
would be totally inadequate because of the discrepancy between the values [3].

Table 1. 226Ra concentration in forage plant sample.
Type of fodder plant Concentration (mBq kg−1)

Buffel grass 680
Napier grass 197
Buffel grass 998
Buffel grass 2,115
Napier grass 96
Napier grass 295
Napier grass 57
Buffel grass 13,640
Napier grass 76
Napier grass 115
Napier grass 184
Buffel grass 1,987
Buffel grass 1,200
Buffel grass 960

INTERNATIONAL JOURNAL OF ENVIRONMENTAL STUDIES 9



In radioecological studies, there are no statistical procedures used to reduce the
effects of anomalous values on the arithmetic mean. Owing to statistical fluctuations
caused by outliers, environmental scientists use the median as the most representative
value of the dataset obtained from the sample [4,5]. The median is always smaller than
the arithmetic mean in distributions with right asymmetry [6]. It would be more
plausible to find a statistical procedure that would make the arithmetic mean resistant
to fluctuations caused by anomalous values. Only then would it be possible to deter-
mine a statistically robust confidence interval for the concentrations of 226Ra (Table 1).

Since the bootstrap method uses the Monte Carlo method [10], it was possible to
obtain a distribution where statistical analyses are feasible to construct robust confidence
intervals for the arithmetic mean, even if the dataset contains outliers, such as those
presented in Table 1. Figures 2 and 3 show the variability of the concentrations of 226Ra
(Table 1), respectively, indicating that the experimental arithmetic mean is an inadequate
central tendency measure to represent a dataset with outlier values. According to Barnet

Figure 2. Probability-probability graph of the normal distribution of experimental concentrations of 226Ra.

Figure 3. Quartile–quartile plot of the normal distribution of experimental concentrations of 226Ra.
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and Lewis [2], the outlier values may be precisely what is being sought. It would be better
to find a statistical procedure that included the anomalous values in the statistical
analysis, without, however, changing the value of the arithmetic mean, making it resistant
to the fluctuations caused by the outliers.

The dataset represented in Table 1, in addition to consisting of a small number of
samples (14), has discrepant values, which makes a reliable statistical analysis very
difficult. In this case, the bootstrap method is an excellent alternative to solve this
problem, given that the Central Limit Theorem guarantees that, when ‘n’ is sufficiently
large, the bootstrap estimators are normally distributed and converge to their true
values [3]. Using the bootstrap method, it was possible to obtain a measure of central
tendency resistant to fluctuations of the anomalous values. Figure 4 shows the normal
distribution of 226Ra bootstrap arithmetic mean concentrations for 2,000 interactions.
The Kolmogorov–Smirnov test showed that the bootstrap arithmetic averages have
a normal distribution (Figure 5). Comparing Figure 2 with Figure 4, it can be affirmed
that the resampling of the data of Table 1, using the bootstrap method, significantly

Figure 4. Histogram of arithmetic means of bootstrap 226Ra.

Figure 5. Probability-probability graph of the normal distribution of the arithmetic means of the
bootstrap 226Ra.
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decreased the influences of the anomalous values in the set of experimental data. Thus,
the arithmetic averages of bootstrap concentrations were notoriously robust, as quoted
by Efron and Tibshirani [9].

Table 2 shows the experimental and bootstrap averages of 226Ra concentrations. It can be
observed that there was high dispersion around the experimental arithmetic mean, making
it inadequate to represent the dataset of Table 1. On the other hand, the dispersion around
the bootstrap arithmetic mean was significantly reduced (Table 2). Thus, the bootstrap
arithmetic mean was the most adequate to represent the dataset of Table 1. The experi-
mental mean and bootstrap were approximately equal (Table 2). This trend was also
observed in the environmental studies carried out by Silva et al. [22].

Knowing the type and intensity of the asymmetry of a dataset can bring useful informa-
tion to the environmental scientist. If the distribution has a strong positive asymmetry, it is
known that, despite the high concentration of data in lower values, the average will be
influenced by the right tail, moving in its direction. In this case, there will be more below-
average observations than above-average. Comparing Figures 2 and 4, it can be observed
that the asymmetry was significantly reduced in the bootstrap distribution. According to
Efron and Tibshirani [9], a small bootstrap bias can be considered if it is less than 25% of its
standard deviation. In this case, for the bootstrap distribution (Figure 4), the bias value was
equal to 1, which ismuch smaller than 317 (corresponding to 25% of the standard deviation
of bootstrap bias values). Therefore, although the bias is very low in the bootstrap
distribution (Figures 4 and 5), the confidence intervals were determined to verify the
general behaviour of the data presented in Table 1, in relation to the interval bootstrap
resampling method (Table 3), with a standard significance level of 5%.

It can be observed in Table 3 that Chebychev’s Theorem was not adequate for the
construction of the confidence interval with anomalous values, since it presented the
largest intervalar amplitude for the concentration of 226Ra (Table 1), although the
amplitude of the Bootstrap Chebychev’s Theorem is almost 5 times lower than the
Classic Chebychev’s Theorem. This shows just how much the bootstrap method is
important in the statistical analysis of data with outlier values. The bootstrap method
significantly reduced the interval dispersion (Table 3), but the boot-percentile merely

Table 2. Measures of central tendency (experimental and bootstrap).
Statistics 226Ra concentration (mBq kg−1)

Experimental arithmetic mean ± SDa 1614 ± 3530
Bootstrap arithmetic mean ± SDa 1615 ± 711

a Standard deviation

Table 3. Measures of amplitude and confidence interval of 226Ra concentration.

Method Interval of 226Ra concentration (mBqkg−1)
Amplitude
(mBqkg−1)

Classic Chebychev’s Theorem [−2603; 5831] 8434
Bootstrap Chebychev’s Theorem [765; 2464] 1699
Boot-z [1241; 1987] 746
Boot-t [1203; 2025] 822
Boot-perc-s [1583; 1645] 62
Boot-perc-d [1100; 1701] 601
Boot-perc bias-c [1604; 1980] 376
Boot-perc bias-ca [1606; 1999] 393
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showed the least amplitude among the methods used (Table 3). The simple Boot-
percentile is based on a simple and intuitive idea: build the confidence interval with
the percentiles of the bootstrap distribution itself (Figure 4). As in bootstrap distribu-
tion, the asymmetry was significantly reduced (Figures 4 and 5), and the bias was very
low; the estimation of the confidence interval using the percentiles stood out as
a robust statistics tool in the statistical analysis of data with outlier values.

According to Singh et al. [1], the log-normal distribution is widely used to model
environmental research data, since these have high right asymmetry. Although the log-
normal distribution uses the normalisation of the logarithms of the values, the mean
obtained is not totally resistant to the fluctuations caused by the outlier values. This can
cause wide dispersion in the amplitude of the confidence interval. Therefore, it is necessary
to make a comparative study between the log-normal distribution and the bootstrap
distribution in environmental data studies, especially if there are anomalous values.

Conclusion

The Bootstrap method was deficient in decreasing the dispersion in the dataset for the
concentrations of 226Ra. The bootstrap arithmetic mean proved to be very resistant to
the effects caused by outlier values in the dataset of the 226Ra concentrations.
Chebyshev’s Classic and Bootstrap Theorems presented the biggest interval amplitude
for the arithmetic mean of the 226Ra concentrations. The Bootstrap Simple percentile
(Boot-perc-s) method presented the smallest interval amplitude for the arithmetic mean
of the 226Ra concentrations. The Interval Bootstrap method can be used efficiently in
environmental monitoring studies as a tool for statistical analysis of data with outliers.
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